
I. §Æt vÊn ®Ò
1. Lý do chän ®Ò tµi:

a. §Ó rÌn luyÖn kü n¨ng, ph­¬ng ph¸p gi¶i to¸n cho häc sinh ngoµi viÖc trang bÞ cho häc sinh kiÕn thøc c¬ b¶n, ng­êi thÇy gi¸o cÇn gióp c¸c em tæng hîp ph©n lo¹i c¸c ph­¬ng ph¸p gi¶i vµ c¸c d¹ng th­êng gÆp ®Ó c¸c em dÔ nhí, dÔ vËn dông.
b. BÊt ®¼ng thøc lµ mét trong nh÷ng m¶ng kiÕn thøc khã vµ réng cña bé m«n To¸n nh­ng nhê c¸c bµi tËp vÒ bÊt ®¼ng thøc mµ häc sinh cã thÓ hiÓu kÜ h¬n, s©u h¬n vÒ gi¶i vµ biÖn luËn ph­¬ng tr×nh, bÊt ph­¬ng tr×nh; T×m gi¸ trÞ lín nhÊt, nhá nhÊt cña mét biÓu thøc, vÒ mèi liªn hÖ gi÷a c¸c yÕu tè trong tam gi¸c vµ trong qu¸ tr×nh gi¶i to¸n kh¶ n¨ng t­ duy s¸ng t¹o cña ng­êi häc ®­îc ph¸t triÓn m¹nh. Thùc tÕ khi gi¶i c¸c bµi tËp vÒ bÊt ®¼ng thøc häc sinh th­êng gÆp nhiÒu khã kh¨n v× c¸ch gi¶i chóng kh«ng hoµn toµn cã mét mÉu quy t¾c nµo nh­ ë mét sè m¶ng kiÕn thøc kh¸c.
Qua nhiÒu n¨m gi¶ng d¹y to¸n ë tr­êng phæ th«ng, lµ ng­êi thÇy, t«i th­êng tr¨n trë suy nghÜ, thu thËp tµi liÖu, cè g¾ng s¾p xÕp hîp lý mét sè ph­¬ng ph¸p vµ bµi tËp vÒ chøng minh bÊt ®¼ng thøc víi mong muèn gióp häc sinh tù tin h¬n khi ®øng tr­íc mét sè bµi to¸n vÒ bÊt ®¼ng thøc cô thÓ lµ c¸c bµi to¸n chøng minh bÊt ®¼ng thøc.

c. Ph¹m vi vµ giíi h¹n bµi viÕt.


Khu«n khæ bµi viÕt cã h¹n nªn t«i muèn tæng hîp ph©n lo¹i c¸c ph­¬ng ph¸p chøng minh bÊt ®¼ng thøc vµ c¸c vÝ dô ¸p dông dµnh cho häc sinh THCS ®Æc biÖt lµ häc sinh kh¸ giái líp 8; 9.

§Ó bµi viÕt kh«ng qu¸ dµi, phÇn gi¶i c¸c vÝ dô t«i kh«ng tr×nh bµy chi tiÕt.

2. KiÕn thøc cÇn n¾m v÷ng
2.1. §Þnh nghÜa bÊt ®¼ng thøc: 

Víi hai sè a, b bÊt kú ta nãi r»ng a 
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2.2. TÝnh chÊt:


1. a > b ; b >c 
[image: image7.wmf]Þ

 a > c

2. a >b 
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 a + c > b + c


3. a > b ; c > 0 
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 ac > bc


    a > b ; c < 0 
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 ac < bc


5. a > b ; c > d 
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 a + c > b + d


    a > b ; c < d 
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 a - c < b - d


6. a > b 
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 ac > bd


7 a > b > 0 ; 0 < c < d
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8. a > b > 0 
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 an > bn 


a > b 
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 an > bn (n lÎ)
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 an > bn ( n ch½n )


9. NÕu m > n >0 th× a >1
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 am > an 





  a =1
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 am = an 





   0 < a < 1 
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 am = an 


10. a > b , ab > 0 
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[image: image26.wmf]a

1

< 
[image: image27.wmf]b

1


2.3. C¸c h»ng bÊt ®¼ng thøc:

1. a2 
[image: image28.wmf]³

 0 víi mäi a. DÊu b»ng xÈy ra 
[image: image29.wmf]Û

 a = 0 


2. 
[image: image30.wmf]a
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 0 víi mäi a. DÊu b»ng xÈy ra 
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 a = 0

3.  
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 a víi mäi a. DÊu b»ng xÈy ra 
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4. 
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 víi mäi a,b.  DÊu b»ng xÈy ra 
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5. 
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 víi mäi a,b. DÊu b»ng xÈy ra 
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 ab > 0 vµ 
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II. Néi dung:

1. Ph­¬ng ph¸p sö dông ®Þnh nghÜa: 

1.1. Ph­¬ng ph¸p gi¶i: Muèn chøng minh A > B h·y xÐt hiÖn A - B. NÕu hiÖn A - B d­¬ng th× kh¼ng ®Þnh ®­îc A > B lµ bÊt ®¼ng thøc cÇn chøng minh.
1.2. VÝ dô ¸p dông: 

VÝ dô 1: Cho a,b,c > 0. chøng minh r»ng (a + b + c) (
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Gi¶i: XÐt hiÖu H = (a + b + c) (
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Do a,b,c > 0 
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 H 
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 0 Theo ®Þnh nghÜa bÊt ®¼ng thøc:
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 (a + b + c) (
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DÊu = xÈy ra 
[image: image72.wmf]Û

 H = 0 
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a = b = c 

VÝ dô2: Cho a > 0, b > 0. chøng minh r»ng: 
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 Gi¶i: XÐt hiÖu: A =  
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Bá ngoÆc, ph©n tÝch thµnh nh©n tö ta ®­îc: A = 
[image: image76.wmf]8

3

 (a + b) (a - b)2 V× a > 0 , b > 0 
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 a + b > 0 mµ (a - b)2 
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Theo ®Þnh nghÜa 
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DÊu b»ng xÈy ra 
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 a = b 

1.3. Bµi tËp t­¬ng tù:
 Bµi 1: Chøng minh: 
[image: image86.wmf]b
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 2 víi ab > 0 
 Bµi 2: Chøng minh: x2 + y2 + z2 
[image: image89.wmf]³

 2xy + 2yz - 2x

  Bµi 3: Cho a,b,c > 0 chøng minh:
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2. Ph­¬ng ph¸p sö dông tÝnh chÊt
2.1. Ph­¬ng ph¸p gi¶i: Sö dông mét hay nhiÒu tÝnh chÊt ®· nªu ë 2.2 ®Ó biÕn ®æi. Tõ ®ã kh¼ng ®Þnh bÊt ®¼ng thøc cÇn chøng minh
2.2. VÝ dô ¸p dông:

VÝ dô 1: Cho a, b > 2. Chøng minh ab > a + b

Gi¶i:  Ta cã: a > 2 , b > 0 
[image: image98.wmf]Þ

ab > 2b (1) (TÝnh chÊt 3)


b > 2 , a > 0 
[image: image99.wmf]Þ

 ab > 2a (2) (TÝnh chÊt 3)

Tõ (1) vµ (2)  
[image: image100.wmf]Þ

 2ab > 2 (a + b)  (TÝnh chÊt 4)
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 ab > a + b          (TÝnh chÊt 3)

VÝ dô 2: Cho x 
[image: image102.wmf]³

 0, y 
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 0, z 
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 0. Chøng minh r»ng:



(x + y) (y + z) (z + x) 
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 8xyz

Gi¶i: Ta cã:

(x-y)2  
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 x2 - 2xy +y2 
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 x2 + 2xy +y2  
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 4xy (TÝnh chÊt 2)
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 (x+y)2 
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 4xy  (1)



T­¬ng tù ta cã:   (y+z)2 
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 4yz  (2)





       (x+z)2 
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 4xz  (3)

Nh©n tõng vÕ (1),(2),(3) 
[image: image114.wmf]Þ

[(x+y)(y+z)(x+z)]2 
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 (8xyz )2   (TÝnh chÊt 6)
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 (x+y)(y+z)(x+z)    
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  8xyz       (TÝnh chÊt 8)

2.3. Bµi tËp t­¬ng tù:

Bµi 1: Cho a + b > 1. Chøng minh r»ng a4 +b4 > 
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Bµi 2: Chøng minh r»ng: 
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Bµi 3:  Cho x + y = 2. Chøng minh : x4 + y4 
[image: image126.wmf]³
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3. Ph­¬ng ph¸p ph©n tÝch: ( BiÕn ®æi t­¬ng ®­¬ng)

3.1. Ph­¬ng ph¸p gi¶i: XuÊt ph¸t tõ bÊt ®¼ng thøc cÇn chøng minh ta biÕn ®æi nã t­¬ng ®­¬ng víi mét bÊt ®¼ng thøc kh¸c mµ ta ®· biÕt lµ ®óng tõ ®ã suy ra bÊt ®¼ng thøc cÇn chøng minh lµ ®óng.

3.2. VÝ dô ¸p dông:

VÝ dô 1: Chøng minh r»ng:  (a + b)2 
[image: image127.wmf]£

 2 (a2 + b2)  víi mäi a , b.
Gi¶i:

(a + b)2 
[image: image128.wmf]£

 2(a2 + b2)    (1)
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a2 +2ab +b2 - 2a2 - 2b2 
[image: image130.wmf]£

 0
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-(a2 - 2ab + b2) 
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 0
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-( a - b)2  
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 0             (2)

BÊt ®¼ng thøc (2) lu«n ®óng 
[image: image135.wmf]Þ

 bÊt ®¼ng thøc (1) ®óng (®pcm)

VÝ dô 2: Cho 2 sè a, b tho¶ m·n: a + b = 1


Chøng minh: a3 + b3 +ab 
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Gi¶i:
(1) 
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 a3 + b3 +ab - 
[image: image139.wmf]2

1

 
[image: image140.wmf]³

 0
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(a + b) (a2- ab + b2) +ab - 
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 0
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 a2- ab + b2 + ab - 
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 EMBED Equation.3  [image: image146.wmf]³

 0  (v× a + b = 1)
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 a2 + b2 - 
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 EMBED Equation.3  [image: image149.wmf]³
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 2a2 + 2b2 - 1
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 2a2 + 2(1 - a)2 - 1
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 0  ( v× b = 1 - a)
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 4 (a - 
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DÊu b»ng x¶y ra 
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 a = 
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3.3. Bµi tËp t­¬ng tù
Bµi 1: Víi mäi a, b chøng minh a4 + b4 
[image: image159.wmf]³

 a3b + ab3
Bµi 2: Cho a > 0, b > 0. Chøng minh 
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Bµi 3: Chøng minh x4 + y4 
[image: image161.wmf]2
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4. Ph­¬ng ph¸p tæng hîp
4.1. Ph­¬ng ph¸p gi¶i: Tõ mét bÊt ®¼ng thøc ®· biÕt lµ ®óng, dïng c¸c phÐp biÕn ®æi t­¬ng ®­¬ng biÕn ®æi bÊt ®¼ng thøc ®ã vÒ bÊt ®¼ng thøc cÇn chøng minh.


Ph­¬ng ph¸p gi¶i nµy lµm cho häc sinh thÊy khã ë chç lµ kh«ng biÕt nªn b¾t ®Çu tõ bÊt ®¼ng thøc nµo nh­ng nÕu biÕt ph­¬ng ph¸p gi¶i nµy ng­îc víi ph­¬ng ph¸p ph©n tÝch th× còng rÊt dÔ t×m ra bÊt ®¼ng thøc xuÊt ph¸t.

4.2. VÝ dô ¸p dông
VÝ dô 1: Cho a, b 
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 0. Chøng minh 
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 (BÊt ®¼ng thøc C«si)

Gi¶i: Theo gi¶ thiÕt a, b 
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 ab 
[image: image167.wmf]³

 0  
[image: image168.wmf]Þ

 
[image: image169.wmf]ab

 x¸c ®Þnh.
Ta cã: ( a - b)2 
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a2 - 2ab +b2 
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 0
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a2 + 2ab +b2 
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 4ab
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 ( a - b)2 
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 4ab
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a + b 
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 (v× a + b 
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DÊu “ =” x¶y ra 
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 a = b.

VÝ dô 2: Cho a, b, c, d > 0. Chøng minh r»ng:
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Gi¶i:

Ta cã: (ad - bd)2 
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 0
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a2d2 - 2adbc + b2c2 
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 0
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a2d2 - 2adbc + b2c2 + a2c2 + b2d2 
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 a2c2 + b2d2
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a2d2 - 2adbc + b2c2 + a2c2 + b2d2 
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 a2c2 + 2acbd + b2d2
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a2(c2 + d2) + b2(c2 + d2) 
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 (ac + bd)2
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a2 + b2 + 2
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 2ac + 2bd + a2 + b2 + c2 +d2
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 (a + c)2 + (b + d)2
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 EMBED Equation.3  [image: image202.wmf](
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DÊu “=” x¶y ra 
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 EMBED Equation.3  [image: image204.wmf]d
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Chó ý: víi a, b, c, d >0 th× c¸c phÐp biÕn ®æi trong c¸ch gi¶i trªn lµ t­¬ng ®­¬ng.

4.3. Bµi tËp t­¬ng tù: Chøng minh c¸c bÊt ®¼ng thøc

Bµi 1: a2 + b2 + c2 
[image: image205.wmf]³

 ab + bc + ca víi mäi a, b

Bµi 2: (x-y)2+ (y -z)2 + (z -x)2 
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 3(x2 + y2+z2) víi mäi x, y, z
Bµi 3: 
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víi a > 0 , b > 0

5. Ph­¬ng ph¸p ph¶n chøng:
5.1. Ph­¬ng ph¸p gi¶i: NÕu bµi to¸n yªu cÇu chøng minh bÊt ®¼ng thøc A 
[image: image208.wmf]³

 B ( hoÆc A < B) th× ta gi¶ sö A < B (hoÆc A 
[image: image209.wmf]³

 B). Tõ ®iÒu mµ ta võa gi¶ sö cïng víi gi¶ thiÕt cña bµi to¸n ta suy ra mét ®iÒu m©u thuÉn víi gi¶ thiÕt víi c¸c kiÕn thøc ®· häc. Cuèi cïng ta kh¼ng ®Þnh kÕt luËn cña bµi to¸n A 
[image: image210.wmf]³

 B 
( hoÆc A < B) lµ ®óng.
Gi¶i nh­ vËy gäi lµ ph­¬ng ph¸p ph¶n chøng.

5.2. VÝ dô ¸p dông
VÝ dô 1: Cho a2 + b2 
[image: image211.wmf]£

 2 . Chøng minh: a + b 
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 2 

Gi¶i: Gi¶ sö:  a + b > 2




[image: image213.wmf]Û

 a2 + 2ab + b2 > 4    (1)

Ta cã: (a - b)2 
[image: image214.wmf]³

0 
[image: image215.wmf]Û

 a2 - 2ab + b2 
[image: image216.wmf]³

0





[image: image217.wmf]Û

 2ab 
[image: image218.wmf]£

 a2 + b2




[image: image219.wmf]Û

 a2 + b2 + 2ab 
[image: image220.wmf]£

 2(a2 + b2)

MÆt kh¸c theo gi¶ thiÕt ta cã: a2 + b2 
[image: image221.wmf]£

 2





[image: image222.wmf]Û

 2(a2 + b2) 
[image: image223.wmf]£

 4

Suy ra: a2 + b2 + 2ab 
[image: image224.wmf]£

 4  (2) m©u thuÉn víi  (1). VËy ph¶i cã a + b 
[image: image225.wmf]£

 2

VÝ dô 2: Chøng minh r»ng:

NÕu a + b + c > 0; abc >0 , ab + bc + ac > 0 th× a > 0, b > 0, c > 0.
Gi¶i: gi¶ sö   a 
[image: image226.wmf]£

 0

NÕu a = 0 th× abc = 0 tr¸i víi gi¶ thiÕt abc > 0

NÕu a < 0 : do a + b + c > 0 nªn b + c > 0



Do abc > 0 nªn bc < 0


[image: image227.wmf]Þ

 a(b + c) + bc < 0

Hay ab + ac + bc < 0 tr¸i víi gi¶ thiÕt ab + ac + bc > 0

VËy a > 0. T­¬ng tù ta chøng minh ®­îc b > 0, c > 0
5.3. Bµi tËp t­¬ng tù:
Bµi 1: cho c¸c sè a, b, c , m, n, p tho¶ m·n:  ap - 2bn + cm = 0 vµ ac - b2 = 0

chøng minh mp - n2 
[image: image228.wmf]£

 0

Bµi 2: chøng minh r»ng: NÕu a 
[image: image229.wmf]³

3; b 
[image: image230.wmf]³

 3; a2 + b2 
[image: image231.wmf]³

 25 th× a + b 
[image: image232.wmf]³

 7

Bµi 3: Cho a3 + b3 = 2. Chøng minh a + b 
[image: image233.wmf]£

 2
6. Ph­¬ng ph¸p quy n¹p to¸n häc
6.1. Ph­¬ng ph¸p gi¶i: NÕu c¶ 2 vÕ cña bÊt ®¼ng thøc ph¶i chøng minh ®Òu phô thuéc vµo ®èi sè tù nhiªn n th× cã thÓ dïng ph­¬ng ph¸p quy n¹p to¸n häc. Khi ®ã ®ßi hái ph¶i chøng minh:

+ BÊt ®¼ng thøc ®óng víi n = 1 (hoÆc ®óng víi n = n0 lµ gi¸ trÞ tù nhiªn bÐ nhÊt thõa nhËn ®­îc cña n theo yªu cÇu cña ®Ò bµi)

+ Thõa nhËn bÊt ®¼ng thøc ®óng víi n = k (k > 1 hoÆc k > n0) råi chøng minh bÊt ®¼ng thøc ®óng víi  n = k + 1.

6.2. VÝ dô ¸p dông:

VÝ dô 1: Chøng minh r»ng víi mäi sè nguyªn n  
[image: image234.wmf]³

 3 th× 2n > 2n + 1 (1)

Gi¶i:

Víi n= 3 ta cã 23 = 8,; 2n + 1 = 7


[image: image235.wmf]Þ

 2n > 2n + 1 ®óng víi n = 3
Gi¶ sö (1) ®óng víi n = k (k 
[image: image236.wmf]3

,

³

Î

k

N

)

Tøc lµ 2k > 2k + 1. Ta ph¶i chøng minh (1) ®óng víi n = k+1 

hay 2k+1 > 2(k+1) +1
hay 2k+1 > 2k+3               (2)

ThËt vËy: hay 2k+1 =2.2k mµ 2k > 2k +1


[image: image237.wmf]Þ

 2k+1 > 2. (2k +1) = (2k+3)+(2k-1) > 2k+3 (v× 2k -1>0)

[image: image238.wmf]Þ

 (2) ®óng víi 
[image: image239.wmf]³

"

k

 3

VËy 2n > 2n + 1 víi mäi n nguyªn d­¬ng vµ n 
[image: image240.wmf]³

 3.

VÝ dô 2: chøng minh r»ng víi mäi sè tù nhiªn n > 1 th× 
(n+1)(n+2)(n+3)….2n > 2n   (1)

Gi¶i: Víi n = 2 th× (1) ®óng víi n = k (k 
[image: image241.wmf]Î

N, k
[image: image242.wmf]³

2) tøc lµ
(k+1)(k+2)(k+3)….2k > 2k. Ta ph¶i chøng minh (1) ®óng víi n = k+1 tøc lµ ph¶i chøng minh  (k+2)(k+3)(k+4)…2(k+1) > 2k+1
Hay  (k+2)(k+3)(k+4)…(2k+2) > 2k+1

ThËt vËy: Theo gi¶ thiÕt quy n¹p ta cã:

(k+2)(k+3)(k+4)…2k > 2k


[image: image243.wmf]Þ

 (k +1)(k+2)(k+3)…(2k)(2k+1) > 2k


[image: image244.wmf]Þ

 2(k +1)(k+2)(k+3)…(2k)(2k+1) > 2.2k


[image: image245.wmf]Þ

 (k+2)(k+3)…(2k)(2k+1)(2k+2) > 2k+1
VËy bÊt ®¼ng thøc (1) ®óng víi mäi sè tù nhiªn n >1 nghÜa lµ: 
(n+1)(n+2)(n+3)….2n > 2n   
6.3. Bµi tËp t­¬ng tù
Bµi 1: Cho a 
[image: image246.wmf]³

 0, b
[image: image247.wmf]³

0, n 
[image: image248.wmf]Î

N. Chøng minh r»ng
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Bµi 2: Chøng minh r»ng víi mäi sè nguyªn d­¬ng n 
[image: image250.wmf]³

3
th×    n2 > n + 5

Bµi 3: Chøngminh r»ng víimäi sè nguyªn d­¬ng n th×
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7. Ph­¬ng ph¸p xÐt c¸c kho¶ng gi¸ trÞ cña biÕn
7.1. Ph­¬ng ph¸p gi¶i: Cã nh÷ng bµi to¸n yªu cÇu chøng minh bÊt ®¼ng thøc A(x) > 0 mµ kh«ng cho thªm gi¶ thiÕt nµo n÷a ta cã thÓ suy nghÜ theo c¸ch gi¶i sau: NÕu biÓu thøc A(x) viÕt ®­îc vÒ d¹ng tæng c¸c h¹ng tö nx(x-a) th× ta xÐt c¸c kho¶ng gi¸ trÞ cña biÕn x ch¼ng h¹n nh­ x 
[image: image252.wmf]³

 a vµ x < a ®Ó sö dông ®Þnh nghÜa bÊt ®¼ng thøc x 
[image: image253.wmf]³

 a 
[image: image254.wmf]0
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a

x

 hay x < a 
[image: image255.wmf]Û

x -a < 0.
Trong tr­êng hîp bÊt ®¼ng thøc cÇn chøng minh ch­a cã d¹ng A(x) > 0 hay A(x) < 0 tr­íc hÕt ta chuyÓn vÕ ®Ó ®­a vÒ d¹ng ®ã.
7.2. VÝ dô ¸p dông:
VÝ dô 1: Chøng minh x10 -x9 +x4 - x+ 1 >0

Gi¶i: 

XÐt A = x10 -x9 +x4 - x+ 1


= x9(x-1) + x(x3 -1) +1         (1)

HoÆc A = x10 + x4(1-x5) +(1-x)       (2)

+ NÕu x 
[image: image256.wmf]³

 1 
[image: image257.wmf]Þ

 x9 > 0; x-1 
[image: image258.wmf]³

 0; x3+1 
[image: image259.wmf]³

 0

Nªn tõ (1)   
[image: image260.wmf]Þ

 A > 0
+ NÕu x < 1 
[image: image261.wmf]Þ

1-x5 > 0; 1-x > 0 mµ x10 
[image: image262.wmf]³

 0 vµ x4 
[image: image263.wmf]³

 0 nªn tõ (2) 
[image: image264.wmf]Þ

 A > 0.

VÝ dô 2: Chøng minh 12x4 + 8x3 +11x2 +7x+10 >0

Gi¶i: xÐt B = 12x4 + 8x3 +11x2 +7x+10 (1)

HoÆc       B= 10(x4 + x3 +x2 +x+1) + 2x4 +x2 -2x3 -3x   (2)

+ NÕu x 
[image: image265.wmf]³

0 th× tõ (1) 
[image: image266.wmf]Þ

B > 0 ( v× x4 + x3 +x2 +x+1 >0 t­¬ng tù vÝ dô 1 vµ 2x4 +x2 > 0; -2x3 -3x > 0 ( do x<0)
VËy B > 0 (®pcm)
7.3. Bµi tËp t­¬ng tù

Bµi 1: chøngminh x8 +x4 +1 > x7 + x

Bµi 2: Chøngminh x6 - x5 + x4- x3+x2 - x + 1 > 0

Bµi 3: Chøng minh x6 - x5 + x4- x3+x2 - x + 
[image: image267.wmf]4

3

 > 0
8. Ph­¬ng ph¸p lµm tréi ( hoÆc lµm gi¶m)
8.1. Ph­¬ng ph¸p gi¶i: §Ó chøng minh A < B ta lµm tréi A thµnh C (A < C) råi chøng minh C 
[image: image268.wmf]£

 B (biÓu thøc C ®ãng vai trß trung gian ®Ó so s¸nh A vµ B)

T­¬ng tù ®èi víi ph­¬ng ph¸p lµm gi¶m

8.2. VÝ dô ¸p dông:

VÝ dô 1: Chøng minh r»ng víi mäi sè tù nhiªn n 
[image: image269.wmf]³

 2 ta cã:

A = 
[image: image270.wmf]4
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Gi¶i:   Lµm tréi mçi ph©n sè ë A b»ng c¸ch gi¶m mÉu
Ta cã: 
[image: image271.wmf](
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Do ®ã: A < 
[image: image272.wmf](
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§Æt C = 
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VËy: 
[image: image276.wmf]4
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VÝ dô 2: Chøng minh r»ng víi mäi sè tù nhiªn n 
[image: image277.wmf]³

 2 ta cã:


A = 1+
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Gi¶i: 


A= 
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ë mçi nhãm trong A ta lµm tréi b»ng c¸ch thay  c¸c ph©n sè bëi ph©n sè lín nhÊt trong nhãm, ta ®­îc 
A< 
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    VËy A < n   (®pcm)
8.3. Bµi tËp t­¬ng tù

Bµi 1: Cho A = 
[image: image282.wmf]199
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Chøng minh  14 < A < 20

Bµi 2: 
[image: image283.wmf]Chøng minh: 
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 Víi n nguyªn d­¬ng
9. Ph­¬ng ph¸p sö dông c¸c bÊt ®¼ng thøc kinh ®iÓn ( bÊt ®¼ng c«si vµ bÊt ®¼ng thøc bunhiacèpxki)
9.1. Ph­¬ng ph¸p gi¶i: §Ó chøng minh mét bÊt ®¼ng thøc nµo ®ã ngoµi c¸c c¸ch ®· giíi thiÖu ta cã thÓ sö dông c¸c bÊt ®¼ng thøc  kinh ®iÓn. Trong ph¹m vi ch­¬ng tr×nh THCS , t«i xin giíi thiÖu vµ h­íng dÉn häc sinh vËn dông bÊt ®¼ng thøc C«si vµ bÊt ®¼ng thøc Bunhiacèpxki ®Ó chøng minh c¸c bÊt ®¼ng thøc kh¸c.
a. BÊt ®¼ng thøc C«si: Cho a1, a2,….,an​ lµ c¸c sè kh«ng ©m. Khi ®ã ta cã: 
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DÊu b»ng x¶y ra 
[image: image286.wmf]Û

 a1= a2 = …= an​ 
b. BÊt ®¼ng thøc Bunhiac«pxki: Cho hai d·y sè a1,a2,…vµ b1,b2,…bn. khi ®ã ta cã:

(a1b1+ a2b2 + …+ anbn)2 
[image: image287.wmf]£

 (a12 +a22 + …+ an2)(b12 +b22 + …+bn2)
DÊu b»ng xÈy ra 
[image: image288.wmf]

 EMBED Equation.3  [image: image289.wmf]Û
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 víi quy ­íc nÕu mÉu b»ng 0 th× tö b»ng 0.
9.2. VÝ dô ¸p dông:

VÝ dô 1: Cho a, b, c lµ c¸c sè d­¬ng. Chøng minh r»ng: 
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Gi¶i: Do a, b, c >0 
[image: image292.wmf]Þ



 EMBED Equation.3  [image: image293.wmf]0
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¸p dông bÊt ®¼ng thøc c«si cho 2 sè  
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T­¬ng tù ta cã: 
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Céng tõng vÕ cña 3 bÊt ®¼ng thøc trªn ta ®­îc:
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VËy 
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VÝ dô 2:  Cho a, b, c lµ c¸c sè kh«ng ©m vµ a+b+c=1. Chøng minh r»ng:

[image: image304.wmf]b

a

+

+
[image: image305.wmf]c

b

+

+
[image: image306.wmf]a

c

+



 EMBED Equation.3  [image: image307.wmf]6
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Gi¶i: a, b, c 
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 a+b
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0; b+c
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0; c+a
[image: image312.wmf]³

0

[image: image313.wmf]Þ

 
[image: image314.wmf]b

a

+

, 
[image: image315.wmf]c

b

+

, 
[image: image316.wmf]a

c

+

 cã nghÜa.

¸p dông bÊt ®¼ng thøc Bunhiac«pski víi 2 bé sè:

a1=1, a2=2, a3=3, b1=
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ta cã: (1.
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 (1+1+1)(a+b+b+c+c+a)
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 EMBED Equation.3  [image: image325.wmf]2
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*L­u ý: + ViÖc chøng minh c¸c bÊt ®¼ng thøc c«si vµ bÊt ®¼ng thøc Bunhiac«pxki ë ®©y kh«ng ®Ò cËp mµ chØ h­íng dÉn c¸c em chøng minh bÊt ®¼ng thøc b»ng c¸ch sö dông mét hoÆc nhiÒu bÊt ®¼ng thøc ®· biÕt kh¸c.


      + Khi sö dông bÊt ®¼ng thøc c«si th× cÇn chó ý c¸c sè ¸p dông ph¶i cã ®iÒu kiÖn 
[image: image328.wmf]³

 0 cßn bÊt ®¼ng thøc Bunhiac«pxki th× kh«ng cÇn ®iÒu kiÖn c¸c sè 
[image: image329.wmf]³

0 nh­ng ph¶i ¸p dông cho 2 bé sè.

      + Ngoµi 2 bÊt ®¼ng thøc hay sñ dông cho häc sinh THCS ®· nªu ë trªn th× c¸c em cã thÓ sö dông mét sè bÊt ®¼ng thøc ®· biÕt ®Ó chøng minh mét bÊt ®¼ng thøc kh¸c.

9.3. Bµi tËp t­¬ng tù:
Bµi 1:  cho a, b, c >0. Chøng minh
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Bµi 2:  Cho a+b = 2. Chøng minh  a4+b4 
[image: image331.wmf]2
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10.Ph­¬ng ph¸p tam thøc bËc hai

10.1. Ph­¬ng ph¸p gi¶i: Dïng ®Þnh lÝ vÒ dÊu cña tam thøc bËc hai ®Ó chøng minh bÊt ®¼ng thøc 

§Þnh lý vÒ dÊu cña tam thøc bËc hai:

§Þnh lý vÒ dÊu cña tam thøc bËc hai f(x) = ax2 + bx + c (a 
[image: image332.wmf]¹
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 = b2 - 4ac

- NÕu 
[image: image334.wmf]D

 < 0 th× f(x) lu«n cïng dÊu víi a víi mäi gi¸ trÞ cña x (nghÜa lµ a.f(x) > 0)
- NÕu 
[image: image335.wmf]D

=0 th× f(x) lu«n cïng dÊu víi a víi mäi gi¸ trÞ cña x, trõ khi x=
[image: image336.wmf]a
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 th× f(x) = 0 (nghÜa lµ a.f(x) 
[image: image337.wmf]³

 0, af(x) = 0 khi x=
[image: image338.wmf]a
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);

- NÕu 
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> 0 th× f(x) cïng dÊu víi a khi x n»m trong kho¶ng hai nghiÖm (x1, x2) vµ kh¸c dÊu víi a khi x n»m trong kho¶ng hai nghiÖm.
10.2. VÝ dô ¸p dông
VÝ dô 1: Cho bèn sè thùc a, b, c, d tho¶ m·n hÖ ®iÒu kiÖn 
[image: image340.wmf]î
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Chøng minh r»ng: c2 + d2-2ac -2bd 
[image: image341.wmf]³

 18 - 
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  (1)

Gi¶i: c + d = 6 
[image: image343.wmf]Þ

 d = 6- c . Khi ®ã bÊt ®¼ng thøc (1) cã d¹ng:

c2+ (6-c)2 -2ac -2b(6-c) -18+ 
[image: image344.wmf]2
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Quan niÖm vÕ tr¸i cña (2) lµ tam thøc bËc hai cña c, ta cã:
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    = - (a+b)2 + 12(a+b) + 2 -12
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(3)
Do a2+b2 =1 
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XÐt tam thøc bËc hai f(x) = -x2 +12x+2-12
[image: image350.wmf]2


Ta cã b¶ng xÐt dÊu sau:

	    x
	           
[image: image351.wmf]2


	        12-
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	   f(x)
	           -            0
	+            0             -


Do 
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 nªn tõ (3) vµ b¶ng xÐt dÊu 
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. Theo ®Þnh lý vÒ dÊu cña tam thøc bËc hai th× (2) ®óng víi mäi c. §ã lµ ®iÒu ph¶i chøng minh.

DÊu = x¶y ra 
[image: image356.wmf]
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VÝ dô 2: Chøng minh bÊt ®¼ng thøc Bunhiac«pxki ®· nªu trong phÇn <9>

Gi¶i: XÐt tam thøc bËc hai

F(x) = (b1x - a1​)2 + (b2x - a2)2+….+(bnx - an)2
Ta thÊy f(x) 
[image: image358.wmf]0
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víi mäi x. Ta viÕt f(x) d­íi d¹ng sau
F(x) =( b
[image: image359.wmf])
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x2 - 2(a1b1+a2b2+…+anbn)x + 
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Do f(x) 
[image: image361.wmf]0

³

víi mäi x nªn tõ (1) suy ra:
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DÊu = x¶y ra 
[image: image365.wmf]Û
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 ph­¬ng tr×nh f(x) =0 cã nghiÖm kÐp
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* NhËn xÐt: khi sö dông ph­¬ng ph¸p tam thøc bËc hai ®Ó chøngminh bÊt ®¼ng thøc nh­ vÝ dô 1, vÝ dô 2 cña <10> ®· nªu ë trªn th× häc sinh cÇn biÕt ®Þnh lÝ vÒ dÊu cña tam thøc bËc hai nh­ng kiÕn thøc ®ã ch­a ®­îc chÝnh thøc giíi thiÖu ë bËc THCS nªn h¬i khã ®èi víi c¸c em. V× thÕ t«i xin giíi thiÖu 2 vÝ dô ®Ó HS tham kh¶o chø kh«ng yªu cÇu c¸c em tù lµm bµi tËp ë phÇn nµy.
11. Ph­¬ng ph¸p ®å thÞ vµ h×nh häc
11.1. Ph­¬ng ph¸p gi¶i: VËn dông c¸c kiÕn thøc h×nh häc ®Ó chøng minh c¸c bµi to¸n vÒ bÊt ®¼ng thøc ®¹i sè.
11.2. VÝ dô ¸p dông:
[image: image1.wmf]³

VÝ dô 1: Chøng minh r»ng víi a, b ta cã: 
[image: image370.wmf]b
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Gi¶i: XÐt 
[image: image371.wmf]D

ABC cã ¢ = 900, AB = 
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,

AC = 
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Theo ®Þnh lý Pi ta go ta cã: BC = 
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Trong 
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ABC ta cã: BC < AB + AC
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VÝ dô 2: Cho a,b,c,d > 0 . Chøng minh r»ng:
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Gi¶i: Trªn trôc hoµnh Ox ®Æt liªn tiÕp hai ®o¹n OA = a, AB = c, cßn trªn trôc Oy ®Æt liªn tiÕp OC = b, CD = d. XÐt h×nh ch÷ nhËt COAE vµ DOBF. Theo ®Þnh lý pitago ta cã:

[image: image406.wmf]b

a

+

OE = 
[image: image379.wmf]2

2

b

a

+


EF = 
[image: image380.wmf]2

2

d

c

+





OF = 
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Mµ OE + EF 
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DÊu b»ng x¶y ra 
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VÝ dô 3: Cho x, y lµ 2sè tho¶ m·n:
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[image: image407.wmf]b

Chøng minh: x2 + y2 
[image: image392.wmf]5
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Gi¶i:

Gäi I(x;y) lµ ®iÓm trªn
 mÆt ph¼ng Oxy trong ®ã x, y tho¶ m·n 
®Ò bµi. TËp hîp c¸c ®iÓm I(x,y) lµ miÒn 
Æt ph¼ng giíi h¹n bëi tam gi¸c ABC.
Nh­ vËy muèn chøng minh x2 + y2 
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ta cÇn chøng minh : OI2 
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VËy OH2 = 
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OI2 
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11.3. Bµi tËp t­¬ng tù

Bµi 1: Chøngminh r»ng víi a > b > 0 th× 
[image: image402.wmf]b
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Bµi 2: Chøng minh r»ng víi x, y, z, t > 0 th×
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Bµi 3: Chøng minh r»ng: 
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III. KÕt luËn

Häc sinh biÕt ®­îc cµng nhiÒu ph­¬ng ph¸p chøngminh bÊt ®¼ng thøc th× khi gi¶i c¸c lo¹i bµi tËp liªn quan ®Õn viÖc chøng minh bÊt ®¼ng thøc cã nhiÒu h­íng suy nghÜ nªn dÔ t×m ra c¸ch gi¶i qua ®ã còng ph¸t triÓn ®­îc t­ duy vµ n©ng cao ®­îc  n¨ng lùc s¸ng t¹o.


Trªn ®©y lµ mét vµi kinh nghiÖm mµ t«i ®· tÝch luü trong qu¸ tr×nh gi¶ng d¹y vµ h­íng dÉn häc sinh häc to¸n, rÊt mong ®­îc sù ®ãng gãp ý kiÕn cña c¸c thÇy, c¸c c« cïng c¸c b¹n ®ång nghiÖp.
          
PHßNG GI¸O DôC VINH

 S¸ng kiÕn kinh nghiÖm m«n to¸n
" Gióp häc sinh THCS hÖ thèng c¸c
ph­¬ng ph¸p chøng minh bÊt ®¼ng thøc"

(s¸ng kiÕn viÕt lÇn 1)

 N¨m häc 2007-2008
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